Math Problem
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a- If Ahas eigenvalued, =3, A, =— 4nd corresponding eigenvectars= [ 1
o
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Solve the initial value problem(t) = Au(t with u(0) = Eg%
O

b- True or false and why

1. if Ais diagonalizable, thed has no multiple eigenvalues.

2. if A? is an eigenvalue oA?, then A is an eigenvalue of.

3. if Ais annxn real matrix having real eigenvalues andrthogonal eigenvectors, thén
iS symmetric.

4. every invertible matrix is diagonalizable.

if A=xy", wherex yO R thenA = x"y is an eigenvalue dk

6. if A= pBp with p invertible, themA andB have the same eigenvalues.
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Math Problem

Consider the linear general second-order PDE:
a) A Y Uyy + BX Y Uy + & XY Upy+ DU+ EUy+ FU= G xy
Give the three classifications for this PDE, i.e., elliptic, ...

b) What kind of PDE is the following

2
1) Heat equation Ca—g _ =0
)4 ot
. 02U 0%
2 Wave equation C2— -—— =0
) a oxZ o2
_ °U 9%
3 Laplace equation —=+ — =0
) P q x> 0y2

C) Solve the following equation:

Col=G 2o



Math Problem

Let R be a closed bounded region in thg plane with the curved boundafy.
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Let R(x,y) and F(x,y) be functions that are continuous and have continuous partial derivatives
0F /0y and 0F, / dx everywhere in some domain containiRy Then, Green's theorem states:

9% _ P iy =
(Gr = Gdxdy = f(foxr oy ®

(@) Use (1) to show that the areaRf A is

A = %dey— ydy. (2)
c

(b) Use (2) to calculate the area of the ellipse
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Math Problem

a) If [A] is singular, what can you say about the following:

1) detl A]
2) eigenvalues of A]
3) relationship between the rows and columng Af

4)  the solutions of the inhomogeneous set of linear equatioN§x = { F}
5) the solutions of the homogeneous set of linear equatioN§x} = {0}

b) Solve the following:

dx

— = = X+2
dt Y
ﬂ/:—Zx—y

dt



Math Problem

If A has eigenvalues, =3, A, =- 4&nd corresponding eigenvectors
w=09 v
TH1E 2 B

a) Solve the initial value problemnt) = Au(t with u(0) = EEE
U

b) True or false and why:

1. if Ais diagonalizable, thes has no multiple eigenvalues.

2. if A% is an eigenvalue oA*, thenA is an eigenvalue oA.

3. if Ais annxn real matrix having real eigenvalues andrthogonal eigenvectors, thén
IS symmetric.

4. every invertible matrix is diagonalizable.

5. if A=xy", wherex yO R thenA =x"y is an eigenvalue dk.

if A= pBp" with p invertible, therA andB have the same eigenvalues.

o



Math Problem

For the initial/boundary value problem

2
DE: u ka—g, 0O<x<L, Ost
ot ox
BC's: u(0,t) = 0 and augL, D _ 0 for O<t
X

IC: u(x,0) = f(x) for Os x< L
carry out the following steps:
a) Formulate the eigenvalue problem obtained through separation of variables
b) Find the characteristic equation whose roots are the eigenvalues
C) Find the eigenvalues and eigenfunctions and show that the eigenfunctions are orthogonal

d) Write out the eigenfunction expansion of the solutifx t)
e) Evaluate the constants in part (d) for the special ddsg=1



Math Problem

@) Given x% /16 + y2/ 12+ 72/ 9= land z isa dependent variable whibe and y are
independent, finddz/ dx.

(b) Find the following:

(" = Dsinx
im ——————.
X -0 COSX — CO$ X

(c) Find the point of the planex2- y3 z4  2&hich is the nearest to the point (3,2,1).



Elasticity Problem

The stress tensor in the principal direction is given by

01 0 0
O'ij =10 (00} 0
0 0 O3

Show that the shearing tractid® on an infinitesimal area with normai;( ny, n3) is given by

S =(01-0)°f5+(01-09° F B+(02-03)° B §.



Elasticity Problem

Let I(t) be a volume integral of a continuously differentiable functi(x;,t) defined over a spatial
domain V(x,t) occupied by a given set of material particles, that is

It) = [A(4,1)dV (1)
Y,
. . : L DI(t)
(@) Write down the volume expression for the material derivativie ofamerTt.
(b) Write in index notation the statement of conservation of angular momentum over the volume
elementV(x,t).
(c) Use the results of (a) to show that the conservation of the angular momentum in (b) reduces to
showing that the stress tensor is symmetric, namgly,= oj; .



Elasticity Problem

Let us consider a circular cylinder of lengthand radiusa oriented so that its axis coincides with
the x; axis of a Cartesian coordinate systeqX, X3. The material is isotropic and there are no body
forces present. The state of stress is given by the following stress tensor

[Ax + Bx Cx —-Cx0O
_ O O
[o] =g Cx 0 0 g
H -Cx 0 0 g
a) Show that the equilibrium equations are satisfied.

b) Show that the compatibility conditions are also satisfied.
C) Show that free boundary conditions prevail on the surface of the cylinder.



Elasticity Problem

diyzoxy vz [
Oj = Bxy Xz X ygg
E yz s yf xyz E

For the stress tensor given above for a body with no acceleration and no couple stresses you are to:

a)

b)

c)

d)

At the point (1,2,3), determine principal stresses and the direction of one of the principal
stresses.

At the same point as above, find the octahedral normal and octahedral shear stresses.

For a linearly elastic material, find the strains in terms9f4, that are associated with the
given stress tensor.

Find the change in the angle between the lines that go through the points (1,2,3) and (2,4,5) and
the points (1,2,3) and (7,4,1) for the above strain state.

Show that an infinitesimal displacemeduj consists of an infinitesimal strain and rotation
component.



Elasticity Problem

Consider the principal stress tensor

01 0 0
O'ij = 0 0'2 0
0 0 0'3
a) Show that
2 2 2
H H u
E + E + E =1
01 ) 03

b) Show that

2 - (On ~0p)(0N —03) +S°
(00 -02)(01-03)

where oy is the normal component of the stress vector alpngnd S is the shear stress.



Elasticity Problem

Show for plane-strain problems that the general equations of linear isotropic elasticity lead to the
biharmonic equation

Mo+ 172V02y - g
1-v
2 2 2
where @ is the Airy stress potential defined ly, = a—? T, = d q; and Tyy = —a—q), and
ay 0X oxay

V is the body force potential such thBg = —%—V and Fy = —%—\;.
X



Elasticity Problem
Consider a continuum region having the voluMeand surface are&.
(@ I 1) = [ACg DAV
\Y
Show details of the derivation leading to
DU [[BA, a2 ay,
Dt Dt aXi

where v; is the velocity vector anell?)—t is the total time derivative of the functiart).

(b) Give the statement of conversation of linear momentum and show, using the results of (a), that

where X; is the body force vector and;; are the stress tensor components.



Elasticity Problem

Consider an elastic isotropic solid. Use the equations of equilibrium and the constitutive and
compatibility relations to show that

1 Y _
Tk 75 Okkii F(Rj+ R+ R g =0



Elasticity Problem

Consider a solid body subjected to the stregs

(@) Using the index notation, determine the expression for the shear stresghe cut whose
normal is n.

(b) Specialize this shear stress to the case where the components of the sheay str@sish and

show thatt? reduces to
2 _ 22 2 2 2
12 = n{15(011-02)° + £ 15(011— 039° + 15 B(0pp - 039

(c) Use the results of (b) to calculate the octahedral shear stress.



Elasticity Problem

An unbounded elastic plate contains a circular inclusion of a different elastic material. The plate is
loaded in tension as shown in the figure. Determine the stress distribution in both the plate and the
inclusion.
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Elasticity Problem
Use the equations of Equilibrium
gjj +F =0
with the constitutive relation
O =Aekdj + 21§
and compatibility
Gk T&j T &kj T Ffik

to show that

\Y)
Oij kk + Oy + (R +Fj)+ - Akdj = 0.

1+v 1-

If needed, use the relation

Ve ————,
20\ + )



Elasticity Problem

Use the Field Equations

and show that

Hints:

(i)
(i)
(iii)

(1)
(2)
3)

(4)

oy *F =0
Ojj =AMk + 21§
ik *T&jj TRy "Rk =0
+ 1) A _
Oij ik * 55 o Ok tRy R Y 2|JFk,k5ij = 0.
Start by specializing equation (3) to=1 and call it equation (5).
Also specialize equation (3) to=k and j =1 and call it equation (6).

Use equations (1), (2), (5) and (6) to show (4).



Strength of Materials Problem

Let us consider a rotating flat disk of inner and outer radand a, respectively. In terms of the
radial displacement, the radial equilibrium equation can be written as follows:

df1d 1-v%
—|=—(ru) | = - wor.
dr[r dr( )} E P

Solve this differential equation and derive equations for the raiéd) and hoopog(r) stress

distributions by assuming plane stress conditions. What is the ratio of the maximum hoop stress to the
maximum radial stress with no boundary loading? What should bé thea/ b ratio to assure that
Ogmax! Ormax= 4 if the Poisson ratio is = 1/3.



Strength of Materials Problem

A very long, prismatic elastic shaft of elliptical cross section is embedded in an elastic medium. The
shear modulusG of the shaft and the two semi-axasand b of the elliptical cross section are

known. When a lengthix of the shaft rotates an amouiit the medium applies a retaining torque
dT = kB dx to the lengthdx. Let us assume that a torqdg is applied to the end of the shaft at
x = 0. Obtain an expression for the rotation an@(e).



Strength of Materials Problem

Let us consider the torsional deformation of a prismatic bar of elliptical cross section. Calculate the
ratio between the maximum strain energy denslg,ox and the average strain energy density

Uoavg as a function of the aspect ratio= a/ b of the cross sectiom (and b are the longer and

shorter semi-axes of the cross section, respectively). How does this strain energy density ratio
Uomax/UYoavg COMpare to the same ratio for a prismatic bar of narrow rectangular cross section?



Strength of Materials Problem

Let us consider a homogeneous, isotropic, and linearly elastic disk under the influence of an axi-
symmetric temperature distributioh = T(r). Assume that Young's modulUs, Poisson's ratiov,

and the thermal expansion coefficiemt are known. Derive an equation for the distribution of the
radial stresso,(r). How can you specialize this result to the case of a disk whose inside and outside
boundaries ar =b andr =a, respectively, are free of tractions?



Strength of Materials Problem

Consider a thick-walled cylinder with outer and inner radieofand b, respectively, subjected to an
internal pressure op. Poisson's ratioy and Young's modulug€ are known. Calculate the
difference in the deformed wall thickness between plane-stress and plane-strain conditions.



Strength of Materials Problem

Consider a bicycle wheel of radius rotating at angular velocityn. Assume that all spokes are
radial, lie in the same plane, and are of the same material as the rirA, Lad Ay be cross-
sectional areas of the rim and a single spoke, respectively. Also assunme tthe number of spokes,
is large and the stresses are zero when 0. Derive equations for the hoop strasg in the rim and
the maximum radial stress,, in the spokes. What is the asymptotic value ofthg / og ratio for
very small and very large A;/ A cross-sectional area ratios between the spokes and the rim?



Strength of Materials Problem

a y

Apply the Saint-Venant torsion theory to a solid bar whose cross section is an equilateral triangle.
Determine the Prandtl stress functipr{t,, = 0¢/0z and t,, = —0@/dy) by satisfying thedp = 0

boundary condition at all three sides. Assure that for a given rate offwetd shear modulu&

the solution satisfies th@ch = -2G[B compatibility equation. Calculate the torsional rigidity
C = T/(BG), whereT = 2[[@dA is the torque.



Strength of Materials Problem

Consider a thick-walled cylinder with outer and inner radieofand b, respectively, under the
influence of outer and inner pressurpg and p;, respectively. Assume that plane stress conditions
prevail, i.e.,0, = 0 and that Poisson's ratie and Young's modulug& are known. Calculate the
radial displacementi as a function of the radial coordinate What is the radial displacementr)

in the simple case of hydrostatic pressure, i.e., when p,?



Strength of Materials Problem

Consider the torsional stiffneds = T/ of a prismatic bar, wher@ is the applied torque ang@

is the resulting rate of twist. According to Saint-Venant's approximate formula for prismatic bars of
arbitrary cross sectiork = G A (41'[2 J), where G, A, and J denote the shear modulus, cross
sectional area, and polar moment, respectively. Determine how accurate this approximation is for a
prismatic bar of elliptical cross section with an aspect ratio of 3.



Structural Mechanics Problem

For the beam configuration and loading condition shown below, you are to find all reactions and the
vertical deflection at point A (located at the mid-point of the left side of the beam). Also draw the
shear and bending moment diagrams, with all the important points clearly labeled and with their values
shown. Assume that Young's moduldsand the moment of inertia are known for the beam.
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Structural Mechanics Problem

For the triply redundant frame shown below:

(@) Find all reactions.

(b) Draw the shear and bending moment diagrams for each member of the frame.
(©) Find the deflection at point A located at the center of the horizontal bar.
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