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A node-based smoothed point interpolation method (NS-PIM) is formulated to analyze steady-state ther-
moelastic problems. In this approach, shape functions are constructed using the point interpolation
method (PIM), which permits the straightforward enforcement of essential boundary conditions. The
smoothed Galerkin weak form is then used to construct discretized system equations using smoothing
domains constructed based on nodes. The bound property, accuracy and convergence of the present for-
mulation are studied using 1D and 2D thermoelasticity problems. It is found that the computed temper-
ature and its resulted gradient are in very good agreement with the analytical results or those obtained
using the finite element method (FEM). Compared with the 3-node triangular FEM, the NS-PIM can
achieve better accuracy and higher convergence in energy norm using the same linear triangular mesh.
Together with the FEM, we now for the first time have a simple way to obtain both upper and lower
bounds of the exact solution to thermoelasticity problems.

Crown Copyright � 2008 Published by Elsevier Ltd. All rights reserved.
1. Introduction

The finite element method (FEM) has become one of the most
widely used numerical techniques in solving various engineering
problems. However, FEM has some inherent shortcomings due to
its strong reliance on element meshes. To tackle these problems,
meshfree methods have been recently developed with remarkable
progress, such as the element-free Galerkin method (EFG) [1], the
meshless local Petrov–Galerkin method (MLPG) [2], the reproduc-
ing kernel particle method (RKPM) [3], etc.

The meshfree point interpolation method (PIM) [4] is
formulated normally using the Galerkin weak form, where the
shape functions are constructed through simple interpolation
based on a small set of nodes in a local support domain that can
be overlapping. By using the nodal integration scheme [5], a
node-based smoothed PIM (NS-PIM or LC-PIM termed in the origi-
nal paper) has been proposed [6]. The NS-PIM can ensure at least
linear consistency, the conformability of displacement, and the
monotonic convergence of numerical results. Furthermore, the
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simple schemes for selecting local supporting nodes based on the
background triangles make the NS-PIM very efficient. The
NS-PIM has been formulated for 1D, 2D and 3D solid mechanics
problems [6,7]. A theoretical study and an intensively numerical
investigation on the NS-PIM have been conducted by Liu and
Zhang [8]. Properties of the NS-PIM have been found and proven,
including the very important upper bound property, meaning that
the NS-PIM can provide upper bound solution in energy norm to
the exact solution for elasticity problems with homogeneous
essential boundary conditions.

In many manufacturing process especially containing rapid
heating and solidification, metal parts or components will experi-
ence drastic changes in both temperature and its resulted gradient,
which can usually result in extremely thermal strains and hence
stress [9,10]. Experimental study on these kinds of systems can
be expensive, time-consuming and difficult to acquire detailed
thermal and mechanical behaviors. Computational means is there-
fore often preferred for studying these kinds of systems.

In this work, the NS-PIM is formulated for steady-state thermo-
elastic problems. The computational domain is firstly discretized
into triangular cells. The shape functions [4] are then constructed
using the polynomial PIM and local supporting nodes are selected
based on the background triangles. Finally, discretized system
equations are derived through the smoothed Galerkin weak form
using node-based smoothing domains. 1D and 2D thermoelastic
ights reserved.
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Nomenclature

b body force, N
h convection coefficient, W/(m2 � �C)
k thermal conductivity, W/(m2 � �C)
N number of total field nodes
n the unit outward normal component
Qv internal heat source, W/m3

qC prescribed heat flux, W/m2

tC given traction, N/m2

Ta known ambient temperature, �C
uC given displacement, m

Greek symbols
U vector of PIM shape functions
r, e stress and strain

�e;�e0 smoothed and initial strain
d variational or delta operator
k, l, E, m Lamé’s and elasticity constants
a thermal expansion, 1/ �C
X integration or problem domain
C global or local boundary

Subscripts and superscripts
i, I, J tensor or node indices
k smoothing domain for node k
e equivalent energy or error indicator
T, T transpose symbol and error indicator
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problems with mixed thermal boundary conditions are studied to
examine the accuracy, convergence and most importantly the
upper bound property of numerical solutions of the present NS-
PIM.

2. Discretized system equations

Our numerical tests show that the NS-PIM works well for all
kinds of meshes, including triangular types of meshes. We however
prefer triangular mesh because it can be generated easily and even
automatically for very complicated problem domains, leading to
significant savings in manpower and hence the cost of the analysis
project. Therefore, this work uses only 3-node triangular mesh
shown in Fig. 1 as a background cells for node selection in creating
the PIM shape functions and a base for creating node-based
smoothing domains.

2.1. Gradient smoothing technique

For numerical integration, the problem domain X is partitioned
into N smoothing domains Xk (k = 1,2, . . .,N) with one for each
node based on the background triangular mesh. The smoothing
domain Xk for node k is created by connecting sequentially the
mid-edge-points to the centroids of the surrounding triangles of
node k.
kΩ

kΓ

k

Centroid of triangle nodeField point-edge-Mid

in

Fig. 1. Node-based polygonal smoothing domains are created based on triangular
mesh, by sequentially connecting the mid-edge-points with centroids of surround-
ing triangles of node k. Xk is the smoothing domain of node k bounded by Ck and ni

is the unit outward normal to smoothing domains.
The node-based smoothing technique [5,11] is now applied to
the compatible gradient of the primary field variable that can be
displacement or temperature field for thermoelastic problems.
The compatible gradient is obtained directly by differentiation
to the PIM shape functions. The smoothing operation yields the
following smoothed displacement gradient (strain) or tempera-
ture gradient:

�eIJðxkÞ ¼
1
Ak

Z
Xk

eIJðxkÞdX � 1
2Ak

Z
Ck

ðuInJ þ uJnIÞdC ð1Þ

where Ak is the area of smoothing domain, and u is the assumed
displacement or temperature field. It should be noted that we use
approximately equal in Eq. (1) to consider possible discontinuity
in the assumed displacement and temperature fields [11] by the
PIM shape functions. Only when the PIM shape functions are con-
tinuous, the approximately equal becomes equal.

Using the PIM approximation function T(x) = UT(x)q, the
smoothed field gradient for interested node k can be expressed
in the following matrix form in terms of nodal values of the field
variable.

�eðxkÞ ¼
X
I2Dk

B0TI ðxkÞdI ð2Þ

where Dk is the total number of nodes in the support domain of
node k. For 2D thermoelasticity, the smoothed temperature gradi-
ent and strain can be expressed as

Smoothed temperature gradient : Smoothed strain :
�gT ¼ fr�T1 r�T2g �eT ¼ fe11 e22 e12g ð3Þ

BT
I ðxkÞ ¼ ½�bI1

�bI2� B0TI ðxkÞ ¼
bI1 0 bI2

0 bI2 bI1

" #
ð4Þ

bIp ¼
1
Ak

Z
Ck

uIðxÞnpðxÞdC ðp ¼ 1;2Þ ð5Þ

where u(x) is the PIM shape functions [4] for field node I.
Using Gauss integration scheme along each segment of bound-

ary Ck of the smoothing domain Xk, Eq. (5) can be rewritten in the
following summation form as

bIp ¼
1
Ak

XNs

q¼1

XNg

r¼1

wruIðxqrÞnpðxqÞ
" #

ð6Þ

where Ns is the number of segments of the Ck, Ng is the number of
Gauss points distributed in each segment, and wr is the correspond-
ing Gaussian weight.
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2.2. Smoothed Galerkin weak form

For steady-state thermoelastic problems without considering
thermal–mechanical coupling and inertia, the primary field vari-
ables are the temperature and displacement. Considering first the
temperature field in 2D anisotropic solid X bounded by C. The gov-
erning equation and boundary conditions are [12]:

ðkijT ;jÞ;i þ Q v ¼ 0 in X Problem domain studied ð7Þ
T ¼ TC on C1 Essential boundary ð8Þ
� nikijT ;j ¼ qC on C2 Heat flux boundary ð9Þ
� nikijT ;j ¼ hðT � TaÞ on C3 Convection boundary ð10Þ
� nikijT ;j ¼ 0 on C4 Adiabatic boundary ð11Þ

where kij is the thermal conductivity, Qv is internal heat source, h is
the convection coefficient, ni is component of the unit outward nor-
mal to the boundary, qC is the prescribed heat flux and Ta is the
temperature of the surrounding medium.

After solving Eq. (7), the resulted thermal strain and stress can
then be determined, by solving governing equations with displace-
ment and stress boundary conditions [12]:

rij;j þ bi ¼ 0 in X Problem domain studied ð12Þ
ui ¼ uC on Cu Displacement boundary ð13Þ
rijni ¼ tC on Ct Stress boundary ð14Þ

where uC and tC are the given displacement and traction, respec-
tively, on the essential and natural boundaries, the heat and
mechanics are linked by the following stress, strain and thermal
expansion relation:

rij ¼ dijkekk þ 2leij � dijð3kþ 2lÞaDT ð15Þ

where k and l are Lamé’s constants that can be derived from elastic
constants (v and E), a is the thermal expansion and DT is the change
in temperature.

To obtain solutions of the thermoelastic system, temperature
distribution inside the problem domain is found firstly. A weighted
residual weak form of the partial differential Eq. (7) with four types
of boundary conditions (8)–(11) over the entire domain can be
written as a generalized functional I:

IðTÞ ¼
Z

X
w½ðkijT ;jÞ;j þ Q v�dX ð16Þ

where w denotes the sufficiently differentiable weight function of
coordinate xT = [x1, x2]. In this work, the PIM shape functions are
selected also as the test function w, and thus the functional I(T)
can be written as:

IðTÞ ¼
Z

X

1
2

kx1

oT
ox1

� �2

þ kx2

oT
ox2

� �2
" #

dX�
Z

X
TQv dX

þ
Z

C2

TqC dCþ
Z

C3

hT
1
2

T � Ta

� �
dC ð17Þ

With the temperature gradient presented in Eq. (17) replaced by
smoothed gradientrT in Eq. (3), the smoothed Galerkin weak form
for heat transfer problems can be obtained as followsZ

X
dðrTÞTkrT dX�

Z
X

dTTQv dXþ
Z

C2

dTTqC dC

þ
Z

C3

dTThT dC�
Z

C3

dTThTa dC ¼ 0 ð18Þ

Substituting the PIM approximation function [4] into Eq. (18), the
discretized system equations can be finally expressed in the follow-
ing matrix form:

½KT þ KM�fqg ¼ fpg ð19Þ
where

KT
IJ ¼

Z
X

BT
I kBJ dX ¼

XN

L¼1

BT
I ðxLÞkBJðxLÞAL ð20Þ

KM
IJ ¼

Z
C3

hUT
I UJ dC ð21Þ

pI ¼
Z

X
UT

I Q v dX�
Z

C2

UT
I qC dCþ

Z
C3

hTaU
T
I dC ð22Þ

k ¼
kx1 0
0 kx2

� �
ð23Þ

where kx1 and kx2 are thermal conductivity in the x1- and x2-direc-
tions, respectively.

When the temperature field is obtained, the thermal stress and
strain analysis can be sequentially performed using the smoothed
Galerkin weak form [11]:Z

X
dðeðuÞ�e0ðuÞÞTDðeðuÞ�e0ðuÞÞdX�

Z
Ct

duTtC dC�
Z

X
duTbdX¼0 ð24Þ

in which e0 is the known smoothed initial strain obtained in the
thermal analysis. In Eq. (24), the unknown smoothed strain field
can be expressed in terms of the assumed displacement field for
each node. The discretized linear system equations for the thermo-
elasticity problem can be obtained in the following matrix form:

Kufdg ¼ ffg ð25Þ

where

Ku
IJ ¼

Z
X

B0TI DB0J dX ¼
XN

L¼1

B0TI ðxLÞDB0JðxLÞAL ð26Þ

f I ¼
Z

Ct

UT
I tC dCþ

Z
X

B0IDe0
J dXþ

Z
X

UT
I bdX ð27Þ

where D is the elastic constant matrix.
It can be easily seen from Eqs. (20) and (26) that the resultant

linear system is symmetric and banded (due to the compact sup-
ports of PIM shape functions), which implies that the system equa-
tions can be solved efficiently. Excellent properties such as the
convergence, softening effect and upper property of numerical
solutions has been studied and can be found in [8,11].
3. Numerical examples

In this technical note, 1D and 2D problems are investigated
using the NS-PIM with only linear PIM shape functions [6]. To
examine quantitatively the performance of NS-PIM, the error indi-
cators in temperature and energy norms are defined as

eT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiPN
i¼1ðT

exact
i � Tnume

i Þ2PN
i¼1ðT

exact
i Þ2

vuut ð28Þ

ee ¼
1
A

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiZ
X

1
2
½eexact � ðenume � e0Þ�TD½eexact � ðenume � e0Þ�dX

s
ð29Þ

where A is the area of the problem domain. The superscript ‘exact’
denotes the exact or analytical solutions and ‘nume’ represents a
numerical solution obtained using a numerical method including
the present NS-PIM and FEM.

When the exact solution is not available, a reference solution
computed from the FEM with a very fine mesh is then used instead.
To study the bound property, the equivalent energy norm for heat
transfer problem [13] is defined as follows

Ue ¼
Z

X
gTkgdX ð30Þ
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Fig. 2. Thermal fin problem (L = 1.0 m, TC = 0 �C, qC = 200 W/m2 and Qv = 100 W/m3) discretized by a number of nodes. A typical smoothing domain (denoted by dashed
curve) is constructed by connecting the midpoints of two neighboring line elements.

1.275
x 104

S.C. Wu et al. / International Journal of Heat and Mass Transfer 52 (2009) 1464–1471 1467
and the thermal strain energy can be calculated by the following
formula

Ueu ¼
Z

X

1
2
ðe� e0ÞTDðe� e0ÞdX ð31Þ
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Fig. 3. Upper and lower bound solutions in equivalent energy for the 1D thermal fin
problem obtained using the present NS-PIM and linear FEM, respectively.
3.1. 1D Thermal fin

The first example considered here is a 1D thermal fin with
length L and uniform cross-sectional area subjected to a uniform
inner heating, as shown in Fig. 2. The temperature TC is given on
the left end and heat flux qC is specified on the right end.

Note that due to the delta property of PIM shape function, the
boundary condition at the right-hand end can be imposed directly.
In the computation, the related parameters are taken as L = 1.0 m,
k = 5.0 W/(m � �C), qC = 200 W/m2, Qv = 100 W/m3 and TC = 0 �C.

The exact temperature solution of this thermal fin can be easily
found as

Tðx1Þ ¼ �
Q v

2k
x2

1 þ
qC þ Qv

k
x1 þ TC ð32Þ

The exact solution in equivalent energy can be calculated as
below

Ue ¼
Z

X
ðrTÞTkrTdX ¼ 12666:6666 ðWÞ ð33Þ

The convergence study is conducted using models with differ-
ent numbers of uniformly distributed nodes, and the results in
the equivalent energy are plotted in Fig. 3. It can be clearly seen
that, as long as no less than 3 nodes are used in the model, the
NS-PIM’s solution in equivalent energy is always larger than that
of the exact solution, while the FEM’s solution is a lower bound
of the exact solution.

Note that NS-PIM gives the same results as linear FEM when
two nodes are used to discretize the problem domain. This is
because only one element participants in the smoothing operation
at each of these two nodes, and hence no smoothing effect takes
place. Once more than two nodes are employed, the smoothing
effect takes place for all the nodes in the interior of the problem
domain, and the NS-PIM produces upper bound solutions as shown
in Fig. 3. This important finding demonstrates the upper bound
property of the NS-PIM for heat transfer problems, which is an
important complement to the standard FEM.

3.2. 2D Thermoelasticity

To further examine the present NS-PIM, a 2D thermoelastic
problem of a rectangle plate is then studied as shown in Fig. 4. The
parameters used in the computation are taken as L = 0.05 m,
H = 0.01 m, h = 1500 W/m2 �C, Ta = 200 �C, TC = 0 �C, k1 =
15 W/(m � �C), k2 = 10 W/(m � �C), qC = �4000 W/m2, a = 1.02 �
10�5/�C, m = 0.3, and E = 2.225 � 1011 Pa.

As no exact solution is available, a reference solution is obtained
using ABAQUS� with very fine mesh of 329217 nodes for compar-
ison purposes.
3.2.1. Temperature and its gradients
Fig. 5 presents temperature distributions along the bottom

edge of the rectangular plate obtained using linear NS-PIM and
linear FEM, together with the reference solution. It can be found
that the present NS-PIM solutions are in a very good agreement
with the reference solution. Fig. 6 plots the distributions of tem-
perature gradients in the x2-direction of the problem domain
computed using the present NS-PIM and FEM. It can be clearly
seen that the distribution of the temperature gradient computed
by the NS-PIM agrees well with the reference solution, and is
more accurate than the FEM solution using the same triangular
mesh.

Note that NS-PIM formulation here is derived from the
smoothed Galerkin weak form, in which the gradient field is ob-
tained using Eq. (3), and not the compatible in terms of usual
displacement–strain relations. The NS-PIM mode satisfies better
the equilibrium state of the system, and hence produces more
accurate and smoother solution for the gradient. The same phe-
nomenon has also been observed in the analysis of solid
mechanic [6,8].

3.2.2. Thermal stress
Fig. 7 plots the numerical solutions of the x1-component of

the thermal stress. It can be seen that the computed stresses
from the linear NS-PIM are more accurate and smoother than
those from the linear FEM.

3.2.3. Bound property of solutions
It is well-known that the compatible FEM always obtains a

lower bound of the exact solution in energy norm to elasticity
problems. It is, however, much more difficult to bound the solution
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from above for heat transfer and thermoelasticity problems. To
examine the bound property of the NS-PIM, four models with reg-
ularly distributed 33, 105, 369 and 1377 nodes are created.

Fig. 8 shows the solutions in equivalent energy using the
NS-PIM, FEM, together with the reference solution. It can be
observed that the present NS-PIM provides an upper bound solu-
tion in equivalent energy norm for this 2D heat transfer problem
with homogeneous essential boundary conditions (TC = 0), and
the compatible FEM model always gives a lower bound solution.
This figure also shows that with the increase of DOFs, the solution
of equivalent energy of the FEM model and the present NS-PIM
model converges to the reference solution from below and above,
respectively.

For thermoelastic analysis, we need to compute the stresses
from the ‘‘imposed” thermal strains. In this case, the bound prop-
erties of NS-PIM and FEM can change. As shown in Fig. 9, thermal
strain energy of the FEM model is larger than the reference one and
converges from above with the increase in DOFs. On the contrary,
thermal strain energy of the NS-PIM model is now smaller than the
reference one and converges from below. This is because, the im-
n the x2-direction (�C/m).



Fig. 7. Thermal stress fields in the x1-direction (Pa).
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posed thermal strain acts as a kind of constraints, which makes the
problem behaving like those with inhomogeneous displacement
boundary conditions, resulting in the role exchange between the
NS-PIM and FEM models in providing bounds. However, we can
still bound the solutions from both sides.

3.2.4. Accuracy and convergence
This section further examines the accuracy and convergence of

the present NS-PIM using the four models created in Section 3.2.3.
Figs. 10 and 11 show the convergence curves in terms of tempera-
ture and thermal strain energy errors obtained using the linear
NS-PIM and linear FEM against the average nodal spacing h,
respectively. The convergence rate, R, is computed via linear
regression upon the numerical results.

As shown in Figs. 10 and 11, the NS-PIM achieves better
accuracy and higher convergence rate in both temperature and
thermal strain energy, compared with those obtained from linear
FEM. The results of the NS-PIM exhibit some behavior of the
superconvergence with R = 1.25 that is significantly higher that
the theoretical value of 1.0, as shown in Fig. 11.
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4. Conclusions and discussions

The NS-PIM is further extended for thermoelastic problems in
this work. Formulation based on the smoothed Galerkin weak form
using node-based smoothing domains is first presented, and 1D
and 2D example problems are then used to examine the accuracy,
convergence and important solution bound properties. From this
study, some remarks can be made as follows:

1. The NS-PIM works well with triangular mesh that can be easily
generated thanks to the softening effects provided by the
smoothing operation. This offers a very simple and effective
way to overcome the usual ‘‘overly-stiff” behavior of the
compatible FEM model.

2. For the problems studied in this paper, the linear NS-PIM can
achieve higher accuracy and convergence in equivalent energy
for thermal analysis, and in thermal strain energy in thermo-
elastic analysis, compared with the linear FEM.

3. Using both NS-PIM and FEM models of the same triangular
mesh, we can now very conveniently bound the numerical solu-
tions from both above and below for complicated thermoelastic
problems, as long as the FEM model can be built.

4. The DOFs of NS-PIM and the FEM models are exactly the same
when the same triangular mesh is used, and hence the compu-
tational cost for both NS-PIM and the FEM models are of the
same order. When the same mesh is used, the CPU time for
NS-PIM model is about the same as that of FEM model using
the same mesh, if a full-matrix solver is used. Since the band-
width of the NS-PIM model is about twice larger than the
FEM counterpart, NS-PIM takes about twice more CPU time in
solving the system equations when a bandwidth solved is used.

Note that the NS-PIM is not the only method that can produce
an upper bound solution. There are other methods capable of pro-
viding upper bound solution for elasticity problems, such as force
methods or equilibrium models based on the complementary
energy principle [14].
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