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In many cases involving Rayleigh wave propagation along the free surface of a solid, the ratio
between the normal and transverse displacement components, i.e., the aspect ratio of the elliptical
particle trajectory on the surface, is of great importance. Surprisingly, this aspect ratio is exactly the
same as the ratio between the vector and scalar displacement potential amplitudes. More
importantly, the aspect ratio is also identically the same as the ratio between the shear and normal
stresses in any plane parallel to the surface at any depth, i.e., exactly the same ratio also shows up
between two fundamental physical quantities. It is shown that the identical amplitude ratio, which
apparently has not been pointed out in the otherwise very comprehensive literature on Rayleigh
wave propagation, is a direct result of the requirement that just below the surface even the
oscillating power, i.e., the imaginary component of the Poynting vector, be parallel to the gofface
course, the average power, i.e., the real component of the Poynting vector is everywhere parallel to
the surfack © 1998 Acoustical Society of Amerid&80001-4968)06211-7

PACS numbers: 43.20.Jr, 43.20.Mv, 43.20[BEC]

INTRODUCTION on a flat surface, which results in a perceivably lower leaky

. : . attenuatiort! Nagy and Kent used the leakage-induced at-
The classical Rayleigh wave propagating on the free sur: . o . .

P . ; ._tenuation, which is determined by the ratio between the nor-
face of an infinite isotropic, perfectly elastic half-space is

. ~mal and transverse vibration amplitudes at the surface of a
undoubtedly one of the best known canonical problems in ; : . .
: . L " . .rod, to assess its Poisson’s ratfoln the case of acoustic
acoustics of solids and it is a familiar example discussed i . . . : L
oading by a viscous fluid the tangential surface vibration

great detail in every textbook on the subject. It is very well dditional lina betw th lid and the fluid
known that such a wave causes the particles on the surface %uses additional coupling between the solid an € fluid.
e aspect ratio of the surface displacement plays an impor-

the infinite half-space to undergo a counterclockwise, ellip- e in th © loadi ¢ both rod d ol !
tically polarized motion, as shown in Fig. 1, with the normal tant role In the acoustic loading of both rods and plates im-

displacement component being larger that the transveré@ersed In a viscous fluid .and can be ,US?d to explain the
onel™1° The ratio between the two displacement compo-?harp minimum observec_j in the wlicosny-lnduced attenua-
nents, i.e., the aspect ratio of the elliptical trajectory of thelion curves for such conﬁgurgﬂoﬁ%. Another area where
particle on the surface, is of great practical importance irfn€ ratio between the tangential and normal surface displace-
many situations. For example, when the solid is immersed ifn€nts plays a significant role is the generation and detection
fluid, the phase velocity slightly increases and the surfac®f Rayleigh waves. Some excitation techniques, e.g., the so-
wave becomes strongly attenuated by leaking into the fluigc@lled “edge” techniqué, take advantage of the stronger
The sole source of acoustic loading by an inviscid fluid is thehormal displacement component to excite the Rayleigh
normal component of the surface vibration. It was recentlywave. Laser interferometric detection is, in general, much
shown that the aspect ratio of the elliptical particle trajectorymore sensitive to the normal displacement of the surface than
produced by the dispersive Rayleigh-type surface wave on ¥ the tangential componetit.*’ This implies that the dis-
curved surface is lower than that of the nondispersive wav@lacement ratio has a crucial role in the detection of Ray-
leigh waves using laser based ultrasonic techniques.
dCurrent address: Metals, Ceramics, and NDE Division, Wright Laboratory, . In the following we bljleﬂy rev!ew the We”_known ana-
Wright-Patterson Air Force Base, Dayton, OH 45432-6533. lytical results for the relative amplitude of the displacements
P'Contact author: Electronic mail: pnagy@uceng.uc.edu and stresses produced by the Rayleigh wave propagating on
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FIG. 1. Schematic diagram illustrating the particle’s motion in a Rayleigh

; o FIG. 2. Rayleigh wave characteristic ratios versus Poisson’s ratio.
wave propagating on the free surface of an infinite half-space.

the free surface of an infinite half-space. By comparing theséhe Rayleigh and shear waves, which can be calculated by
ratios, we observed an unexpected coincidence which, to thgolving the well-known dispersion equation

best of our knowledge, has not been pointed out in the lit- 2, ,2\2_ 2_

erature yet and prompted us to write this Letter. These ratios K KR)™— 4rskakr =0, @

are routinely presented in textbooks on this subject as unreand is always cited in textbooks, the amplitude rdtie also
lated parameters so that their identical nature remains hiddemfunction of Poisson’s ratio only. Figure 2 shows the famil-
by their different algebraic forms.1° We felt that the uni- iar curve for the normalized Rayleigh wave velocity, which
form presentation of these ratios could better elucidate theanges between 0.87 and 0.95, along with the less familiar
relationship between potentials, displacements, and stressamplitude ratio, which ranges between 1.3 and 1.8. For typi-
and, in a very modest way, might contribute to the bettercal solids of Poisson’s ratio around 0.3, the amplitude ratio is

understanding of Rayleigh wave propagation. approximately 1.5.
Of course all this is well known and hardly new to any-
|. REVIEW OF THE ANALYTICAL RESULTS body interested in acoustics. However, the authors were sin-

cerely surprised to find out upon closer inspection that the
Let us consider a harmonic Rayleigh wave propagatinggmplitude ratio¢ is identically the same ag) the ratio be-
on the free surface of an isotropic, elastic half-space. Th@yeen the normali; and tangentialu, particle displace-
schematic diagram illustrating the deformation in the nearments, j.e., the aspect ratio of the elliptical particle trajectory,
surface region of the solid as well as the elliptical particlegn the surface as well d#) the ratio between the sheay;
trajectory at the surface was shown in Fig. 1. The solid halfzng normalrss stresses at any depth.
space occupies the regiog=0 and the Rayleigh wave Without the commore'/*1=%Y term, the normal and

propagates along the, axis. A common technique is 10 tangential displacement components can be written as fol-
write the particle displacement vectorin terms of a scalar |gys:

¢ and a vecton) potentials as follows:

ap I
u=Vep+Vx. (1) U=—— —=IiA(kge “d3— e X3) (5)

IXy X3

In an infinite isotropic solid, this representation of the dis-

placement vector separates the wave equation into uncouplg@d

shear and dilatational components. In contrast, at the free dd Iy Cex Cex

surface of a solid half-space the scalar and vector potentials u3=(9—X3+ Y —A(kge 43— Lkge "73). (6)

are coupled by the requirement that together they satisfy the

stress-free boundary conditions: By SpeCialiZing Eq5(5) and (6) to the surface )(320) and

utilizing the dispersion equation given in E@) to simplify

_ — kgX3al (KX — wt) .
p=Ae “de!RAT@ the result, we obtain

and Ul ka—lkp .
lﬁI—i{Ae*KsXSe'(kRXl*wt), 3 U_1X3:0_I m— 1. 7

whereA is the arbitrary potential amplitudé denotes time,

o denotes the angular frequendsg is the wave number of Unexpectedly, the ratio of the normal and transverse dis-

. N N placement components on the surface turns out to be the
the Rayleigh wave, and= ykg—ks and«q= ykz—ky are same as the amplitude ratio between the vector and scalar

decay factors related to the shigand longitudinak, wave potentials. Even more surprisingly, the same ratio also shows

numbers, respectively. Finally= x4/ ks denotes the mag- up between the sheat; and normalr; stresses that can be

nltude'of the gmplltude ratlp betwegn thg vector and chla\eritten as follows:
potentials, which is a negative pure imaginary number. Like

the characteristic velocity ratiop=cr/cs=ks/kg between T13= — IAu2Kgkg(e™ X3 — g™ ¥sX3) (8
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and Much more important is the observation that the aspect ratio
_ 2., 2\ A , of the elliptical particle trajectory on the surface is identi-
733~ Ap(kr ) (€7 —e7 %), ©) cally the same as the ratio between the shear and normal
Both 7,3 and 33 have contributions from both longitudinal stresses in any plane parallel to the surface at any depth, i.e.,
and shear partial wave components decaying with differenéxactly the same amplitude ratio also shows up between two
rates according te” “d*s ande™ “s*3, respectively. For both fundamental physical quantities.
stresses the amplitudes of the longitudinal and shear compo- Of course the identity of the amplitude ratios for dis-
nents must be equal so that the combined stress could be zgstacements at the surface on one side and stresses at any
on the free surface. As a result, they must have identicallepth on the other side, which apparently has not been
functional dependence oq, i.e., in any plane parallel to the pointed out in the otherwise very comprehensive literature
surface the ratio between the shear and normal stressesda Rayleigh wave propagation, cannot be very well attrib-
constanf What is more surprising that this ratio turns out to uted to pure coincidence only. It is a direct result of the
be again the same as the amplitude ratio between the vectoequirement that just below the surface the energy flow be

and scalar potentials: parallel to the surface. The acoustic Poynting vector is de-
. fined ad®
T13 | ZkRKd . g (10)
= - =—j/. *
733 Ketks __VT
P 5 (11

It should be mentioned here that a similar but more lim-
ited relationship exists for both symmetric and asymmetriovherev=—iwu is the complex particle velocity vectot,is
Lamb waves propagating in a free plafeThe ratio between the complex stress tensor, andndicates complex conjuga-
the normal and tangential surface displacements, which ion. The normal component of the Poynting vector can be
this time also a function of frequency, is identical to thewritten as follows
amplitude ratio between the vector and scalar potentials on
the surface. However, in the case of a free plate, the stress
ratio is depth dependent and distinctly different from theSince u; and 735 are pure real whileu; and 7,5 are pure
displacement ratio on the surface. It is interesting to consideimaginary, P is always pure imaginary, i.e., the average
whether a similar relationship exists in the case of the correacoustic power transmission is always parallel to the surface.
sponding Rayleigh-type surface wave propagating on th&n the surfaceP; is identically zero since both;; and 733
free surface of an anisotropic half-space. Generally, threganish. However, just under the surface even the oscillating
partial waves are required to satisfy the stress-free boundaart of the normal acoustic power, i.e., the imaginary part of
conditions and the particle motion no longer lies in the sagP3 must vanish therefore,s/733= —u3/uy . As we men-
ittal plane. Since the stress ratios,{/ 733 and 73/ 755 in a  tioned aboveus is pure real, therefore3 =usz, butu, is
given plane parallel to the surface are depth dependent, thegure imaginary, therefore} = —u;. Consequentlyz;s/ 733
cannot be related to the displacement ratios/(1; and  =u3/u;, as we have found by simple inspection of the dis-
u; /u3) on the surface. It was also found that the aspect ratiplacement and stress fields. Further below the surface, the
of the elliptical particle trajectory produced by the dispersiveoscillating part of the normal acoustic power is not necessar-
Rayleigh-type surface wave on a curved surface is differenily zero therefore the amplitude ratie;/u,, which varies
from that of the nondispersive wave on a flat surface andvith depth, is not necessarily equal to the stress ratio
does not possess a direct correlation to either the potentiad s/ 733, Which does not vary with depth.
ratio or the stress ratith.In other words, the above described The same argument also explains why the common am-
uniform nature of the amplitude ratio appears to be limited toplitude ratio does not apply to either dispersive Rayleigh-
the classical Rayleigh wave propagating on the free surfactype surface waves propagating on a cylindrical surface, non-
of an isotropic elastic half-space only. dispersive Rayleigh-type surface waves propagating on an
anisotropic substrate in nonsymmetry directions, or to Lamb
waves propagating in flat plates. The main reason is that the
stress ratio in all these cases is depth dependent therefore we

Although the theory of Rayleigh wave propagation has¢annot relate the displacement ratio at the surface to the
been widely investigated and is very well understood, itsStress ratio somewhere else. In addition, on a concave cylin-
behavior still holds some surprises. We showed that the ratiffical surface, the Rayleigh wave becomes leaky into the
of the vector potential to the scalar potential is equal to thd?ulk of the solid so that the Poynting vector is definitely not
ratio of the normal to transverse displacement componentdarallel to the surface.
on the surface. Since the vector and scalar potentials are
essentially theoretical abstractions introduced to facilitate the
analysis of the problem but do not directly correspond to any1y; redwoodMechanical Waveguide@®ergamon, New York, 1960pp.
real physical quantity, this observation by itself is not par- 50-51.
ticularly important, although it is rather unexpected if we §H~ Kolsky, Stress Waves in Solid®over, New York, 1968 pp. 16-23.
take into consideration the differentiation process necessary'l' _AZ'E;/ iktorov, Rayleigh and Lamb Wavéglenum, New York, 1967 pp.
to calculate the displacement field from its potentials and thab toistoy, wave PropagatioriMcGraw-Hill, New York, 1973, pp. 206—
both displacement components depend on both potentials.212.

P3=3i w(U7 T3+ U3 733). (12

Il. DISCUSSION AND CONCLUSION
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