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An exact treatment of the propagation of axisymmetric waves in coaxial anisotropic assembly of
piezoelectric rod systems is presented. The rod system consists of an arbitrary number of coaxial
layers, each possessing transversely isotropic symmetry properties. The treatment, which is based on
the transfer matrix technique, is capable of deriving the dispersion relations for a variety of
situations. These include the case of a single rod system that is either embedded in an infinitely
extended solid or fluid host or kept free. The procedure is also adapted to derive approximate
solutions for the cases of a periodic fiber distribution in a matrix material, which model
unidirectional fiber-reinforced composites. The results are numerically illustrated for a widely used
piezoelectric-polymer composite. It is seen that piezoelectric coupling can significantly change the
morphology of the dispersive behavior of the composite. 2@0 Acoustical Society of America.
[S0001-496600)02410-3

PACS numbers: 43.25.0¢1EB]

I. INTRODUCTION transfer matrix for the layer is constructed. This matrix re-
lates the field variable@he displacements and stress compo-

; . . o nentg of one face of the layer to its other one. Such a matrix
study of the propagation of axisymmetric longitudinal waves . . ; . . S ;
) ) . ) g . R relation can be used, in conjunction with satisfying appropri-
in coaxial anisotropic elastic fibers with application to a va-

. . . . . te interface conditions across neighboring layers, to directl
riety of their composites. The fiber bundle system con:susteél . . nelg 93y y

) : . Telate the field variables at the inner face of one layer to the
of an arbitrary number of coaxial layers, each possessin

transverse isotropic symmetry and bonded at their interfacegsljter face of its outer neighbor. When this procedure is car-

in accordance with specified fashions. In the form of appli—rled out cons_ecutively for all Iayer§ in_ t_he bundle, a globgl
cations, the bundle was either embedded in an infinitely ex'gransfer matrix, .the product of Fhe |nd|y|dual transfer matri-
tended elastic solid or fluid host or kept free. Uniformly dis- ces, results, which relates the field variables at the outer face
tributed bundles in a matrix material which model of the bundle to thos_e "_"t Its inner face or vice versa. .
unidirectional bundle fiber-reinforced composites were also '_I'he_ global matrlx Is then used for aII_ of the SPe‘?'f_'C
studied. applications outlined above. For cases involving infinite

The solutions in Ref. 1 were obtained using the matriXsolid or fluid hosts, the formal solution for the host has to be

transfer technique, originally introduced by Thomda@md specialized to insure satisfyi_ng the radigtion cc_mditions_far
later on enhanced by Hask&lboth for the study of wave 2Way from the bundle—host |nte.rface; this requires the field
interaction with layered isotropic flat media. Recently, thisvariables to stay bounded deep in the host. If the inner com-
technique has been extensively used by a large number gonent of the bundle is solid Wlth_ no concentric h(_)le, _|ts
investigators in a variety of wave propagation applications ifoc@l transfer matrix has to be adjusted such that its field
layered media, often including cases of anisotropy. Most Of/angbles WI|| not encountgr the .usual smgulanugs. Finally,
this recent literature deals with flat layers. It is not the intentin Simulating the bundle fiber-reinforced composite, the re-
of the present work to review this vast literature. However Peating hexagonal unit cell of the composite is isolated, ap-
for the interested reader on this subject, we refer to Naffeh Proximated by a concentric cylindrical system and, due to its
Up to quite recently, much fewer applications of the inherent symmetry, the vanishing of the radial displacement
matrix transfer method to cylindrical layered media haveand shear stress components are imposed on its outer bound-
been reported. In its application to the cylindrical systems ofIY-
Ref. 1, the specific steps taken in constructing the model are  The aim of the present article is to extend the results of
summarized as follows: formal solutions in terms of BesseRef. 1 and present a parallel treatment for rod-bundle sys-
functions are first obtained for each layer in terms of itstems including piezoelectric effects. This problem has di-
displacement amplitudes. By specializing these solutions t¥erse applications in fields such as medical composite trans-
the outer and inner facesadii) of the layer, followed by ducer design, fiber optics, signal processing, and
eliminating the common displacement amplitudes, the locanondestructive testing. Up to quite recently, it was believed
that cylindrical geometry, together with piezoelectric cou-
dElectronic mail: anayfeh@uceng.uc.edu pling (Wh?Ch iS_ inherently anisotrop)c_: l.ead to algebraic
bEJectronic mail: abdelrwl@email.uc.edu complications in the attempt of obtaining exact solutions.
®Electronic mail: pnagy@uceng.uc.edu That is perhaps why exact treatments of problems dealing

In a recent paperNayfeh and Nagy presented a unified
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FIG. 1. Schematic diagram ¢& a single free multilayered rodb) a single
multilayered rod embedded in a solid host or immersed in a fluid (@rah
infinite unidirectional fibrous reinforced composite with periodically distrib-
uted multilayered fibers.

with piezoelectric rods are relatively rare. Nevertheless, ou
literature search revealed some limited, but relevant, publi
cations that deal with exact analyses of piezoelectric P8ds.

FIG. 2. Geometry of the multilayered system.

discussions, we reserve the subscripks ‘and “ f” to des-
ignate the solid host material and fluid, respectively.

The outer surface of a typical layéris located at the
locationr =r; measured from the center of the cylinder. It
follows that the thickness of laydrwill be r;—r,,,; and
hence the total radius of the cylinder will be, i.e., the
distance to the location of the host—rod interface.

With these restrictions on the geometry and the propa-
gation directions for longitudinal waves, the motion is re-
duced to an axisymmetric one. Here, the displacement com-
ponentu, vanishes and the remaining field variables are
independent of). The relevant piezoelectric field equations
which hold for each layer and also for the solid host consist
of the following:

Reference 5 treats vibrations of circular cylindrical shells and
Ref. 6 develops exact solutions for waves in a single infi-
nitely clad rod. For the interested reader, there is, however, a
relatively larger body of literature that exists for the treat-
ment of wave interaction with flat layered piezoelectric sys-
tems. Once again, while it is not the intent of the present
work to give a complete account of this literature, we draw
attention to some recent sampfes®

Il. FORMULATION OF THE PROBLEM
A. Field equations

Consider the multilayered rod systems of Fig. 1. Sche-
matic 1(a) represents a single free multilayered rod, whereas
Fig. 1(b) shows the case of a single multilayered rod embed-
ded in an unbounded solid host or immersed in an un-
bounded fluid. Figure (t) shows the case of a periodic dis-
tribution of multilayered fibers in a fibrous-reinforced
composite. Each of the rods of Fig. 1 consists of an arbitrary
numberp of transversely isotropic layers rigidly bonded at
their interfaces and lined up such that their axes of symmetry
coincide with each other and also with the reference coordi-
nate axisz. The layers are consequently numbered 12,...,

(i) the momentum equations

oy (90,2+ 1 _ a%u, 1
ot Trlomog) =T, (1a)
do, 10 Py, b
7 Ty Tod=p o=, (1b)

and the charge equation of electrostatics
e 27 py=o0, 2

oz "7y (1P=0; 2
(i) the coupled constitutive relations
(Tij:CEmSkl—ekijEk, (3a)
D; = e Su+ & Ex; (3b)

(iii) the strain-mechanical displacement relations

au, s u,
B
4
Jau, 1/du, N ou,
STz T3\ T
from the host solid as shown in Fig. 2. In our subsequenand the electric field-electric potential relations
Nayfeh et al.: Axisymmetric waves in layered piezoelectric rods 1497
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Jd d Ju Ju d
Er:—a—f, Ez=—a—‘f. (5) arz:c44(7f+7;) elsa—f,
In our subsequent analysis, we shall allow the subscripts
r, 6, zto be synonymous with 1, 2, 3, respectively. We also :e_ﬁ(%_,_ ﬂ) e ‘7_¢
recognize thato,, o,, S;, andS, are conveniently con- T2\ oz Yor
structed and stand far,, , o,,, S;;, andS,,, respectively.
In Egs. (1)—(5) we then have,j.k,1=1,2,3; oy, Ui, Dj, 19 au, d¢

S;;., E;i are the components of stress, mechanical displace- D,= a1 5(ru,)+e335—s335,
ment, electric displacement, mechanical strain, and electric . .
field, respectively;p and ¢ are the mass density and the which, once again, hold for all layers.
electric potential;ciEjkI are the elastic moduli for a constant B. Solution of the equations

electric field;s§;, are the dielectric coefficients for a constant

(90

(9d)

(9¢)

strain field, andgy;; are the piezoelectric constants.

The elastic, piezoelectric, and dielectric constants for th

Details of the procedure used here are readily available
én Ref. 1. For the present system, the field equatidnsand

transversely isotropic piezoelectric system are given in théz) are combined with the consitutive relatio(® to yield

expanded matrix forms

cE, c5, ck 0o o0 0]

ct, ¢ ¢ o o0 o

ch, ci; ck o o o
ng: E , (6)

0 0o o0 Cc§ o0 o

0O 0 0 o0 C§ o

0O 0 0 0 0 Cg

where

2Cge=(CH—Ch),

0 0 0 0 eg;

ep=| 0 0 0 e&s O} (7
L€ €3 €3 0 O
[e3) 0 O

ef=| 0 & 0|, (8)

L0 O 8?3

which reflects the usual renaming of, , i.j,k,1=1,2,3, as
Cpq» P,g=1,2,...,6. For simplicity of notation, we shall
thereafter suppress the superscriptand Sin the equations

(6) and(8). According to the above relations, the constitutive

equationg3) take the expanded forms

au, u, au, d¢
Ur:CnW"'ClzT"“ClsE"’eley (9a)
19 ) Y
O'Z:C]_3T E(rur)+C33E+e33E, (9b)

the three coupled equations

c Ju, . Cyi/du, U, Ju,
WorZ Wy \ar x 44972
+(Cqat+C azuz+ + 7 _ P
——+(egtes) ——=p—>,
(C13+Cyus) Iz (e31+e€gs) Iz p It2
a%u, #u, 1 du,
Cagz +Caud 77+ 7 7| H(CiatCaa)
d%u, 1 4u ) Pp 1d¢
o teg e ot -
rdz r o0z 0z ar r or
a%u, 10
=Pz (10
. Ju, 1 du, . 32u2+ a2u2+ 1 du,
(Cartess)| 57 T v oz | o7 T g Ty G
P PP 1ag
BT P B

For a wave propagating along tledirection, the formal
solution foru,, u,, and¢ are given, parallel to the analysis
in Ref. 1, as

(U Uz, ) =[U1B81(¥1),U2Bo(¥r),UzBo(yr)]e' ke Y,

11
wherey is an unknown parametek,is the longitudinal wave
number related to the frequency and phase velocitk as
=wl/c, and By and B, are zeroth- and first-order Bessel
functions of the first or the second kind.

Substituting this solution into Eq$10) yields a set of
three linear homogeneous equations in the amplitudes. In
matrix form, these are

sz - C1172_ C44k2
iky(C13t+Cas)
iky(es;+ess)
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—iky(C13+Cya)
sz - C33k2— C447’2
—(e3k?+ey5y?)

—iky(egitew) | (U,

—(esk®+ey?) |{ Usp =0. (12
eak®+ ey Us
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For nonzero solution of the amplitudes, the determinant ofy,(w,k), v3(®,k), yi(®,K), ys5(w,k), andyg(w,k), where
this equation must vanish. This yields a sixth-order polyno-y,=—vy1, ys=—17,, and yg=—7y3;. For eachy,, g
mial in y (cubic in y?), relating it to the radial frequency. =12,.,6, Eq. (12 yields the amplitude ratiosV,
It admits six solutions which we number ag(w,k), =Uyq/U1q andWy=U34/Uq, q=1,2,...,6, as

- k? 7’(21( Cis+ Cus) (€311 €15+ (pw?— Cll?’é‘ Cak?) (e3gk®+ 9157’(21)
9 ikyq[ (Cyat Cua) (e3> + 9157’5) +(pw?—Cak’~ C447’§)(931+ es)]’

13
(pw?~ C112~ Cad®) (p?~ Cogk® Caa?) —K2¥(Cugt Caa)® (133

ik Yol (C1a+ Caa)(€35k*+ 31573) +(pw?—Cak®~ C447§)(631+ es)]
Inspecting Eq(139 reveals the interesting and important relations

V4=—Vi, Vs=—Vy, Ve=—V;. (13b)

The same relations also hold fav, .
Using the principle of superposition, together with the constitutive relati®hsthe formal solution for the relevant

displacements, stresses, electric potential, and electric displacement in eadhatayeombinations of Bessel functions of the
first and second kind. These formal solutions can be written in the expanded matrix form

J1(yal) Yi(yir) J1(y2r) Yi(yar) J1(ysr) Yi(yar) ] ALY
u 1
ur Vido(yar)  ViYo(yar)  Vado(yar)  VaYo(yar)  Vado(yar)  VaYo(yar) Kl
z
P Wido(yar)  WiYo(yir) Wado(yar)  WoYo(yar) Wadg(ysr) WsYo(ysr) A, > »
= — — — { — ,
oy Dy Du D> D12 Dis D13 Az (14
(SZ D2 D2 D2 D2, D23 Das %3
, _ _ _
'| Da D31 D3, D3, Das Das |, s
|
where Uy U,
. . u, u,
qu: (C117q+ |kC13Vq+ |kengq)J0( ’}/qr) ¢ ¢
= atr=r,q. 1
~(c _CZ)JI(')’qr) Or Oy I+1 (17
1 ! r ' Orz Orz
_ D, I D, 1+1
quZ(Cll'yq+lkC13Vq+Ike31Wq)Yo( yqr)
e Y1(vqh) C. Local transfer matrix
(C11=Cyo) ro Equation(14) can be specialized to the inner and outer
radiir=r,, 4 andr=r, of layerl, respectively, as
Dq=(1kCys— CuaVqvq—€15Wqyg)Jd r, -
2q ( 44 44V q7Yq~ €15 q')’q) 1('yq ) 15 U =X/ A atr=r, (18)
D2q=(1kCas—CaaVqyq—©€1sWq7g) Y1(¥qr ), U|+=X|+A| atr=r . (19
D3q=(ikeis—e15Vq g+ e11Wqvg)I1(vqr ), Eliminating the common amplitude vect8y, we relateU,
- toU,” as
D3q=(ikejs—e1sVqyq+e1aWqyg) Y1(vgr). U =M,U;", (20)
To facilitate our subsequent analysis, this equation is rewritWhere
ten in the compact form
M=X; (%) (21

Ui=XA, (16)
is the 6x6 local individual transfer matrix for laydr which

whereU, is the column matrix of the field variable compo- relates the displacements, stresses, electric potential, and
nents,X; is the 6x6 square matrix in Eq.14), andA, is the electric displacement at its outer surface to those at the inner
column matrix of the wave amplitudes. This equation issurface. The superscripts are used here to label the inner
supplemented with the continuity conditions and outer boundaries, respectively.

1499 J. Acoust. Soc. Am., Vol. 108, No. 4, October 2000 Nayfeh et al.: Axisymmetric waves in layered piezoelectric rods 1499



D. Global transfer matrix high. However, the electromagnetic wavelength is so high
relative to the acoustic one that electromagnetic radiation
g_annot occur except at these singularities and the modes are
true guided waves with real wave numbers. Of course the
velocity of the guided modes still could be perceivably af-
fected by the pure imaginary electromagnetic radiation load

By invoking the continuity condition&l7), we relate the
stresses, displacements, electric potential, and electric di
placement at the outer radius of the total systemr,, to
those at the inner radius=r,, via the global transfer ma-

trix M as . . s
of the surrounding vacuum, but the relative permittivity of
U-=MU" 22) the piezoelectric mgterial _is typically so high that the normal
. p-1» component of the dielectric displacemént can be also as-
where sumed to vanish at the “free” surface, which significantly
M=MM, M, ;. (23) simplifies the calculations. If we identify the rod outer radius

r, with a, and invoke the free boundary conditions, namely
Invoking the continuity at the interface between layper 1 o,=0,,=D,=0 atr=a, then Eq.(28) reduces to the char-

and the corep leads to acteristic equation
+ _ -
Up__l_up ' _ 29 Qa1 Quz Qus
According to Eq.(18), for the core material we have Qs; Qss Qssl =0 29)
Up =Xp Ap. (29) Qo1 Qes Qesl,
Then Eq.(22) takes the form
_ relating phase velocitg to the wave numbek.
Ul = QAp ’ (26)
where
Q=MX, . (27) B. Multilayered rod system embedded in a solid host

infinitely extended solid host, it was shown in Ref. 1 that

tudesA;, A,, A; should vanish, leading to - 3 ' )
formal solutions in the host material are expressed in terms

(U ) of Hankel functions of the first kind, namely,
uZ
) ¢ an‘]n+iYna (30)
\
ag
U” since only outgoing waves are allowed physically in an un-
Drz bounded medium. The formal solutions for the field variables
\ rJ .
in the host take the form
[ Qll Q12 Ql3 Ql4 Ql5 QlG-
A1 Urp=A1H1(y1n@) + AxH1(y2na) + AzH1(v3nd),
Qu Qz Qu Qu Qs Qu 0 ‘
| Qa1 Qa2 Qaz Qau Qs Qs A, Uzp=A1VipH1(y1n@) + AVonHi(y2na)
Qs Qa2 Quz Qus Qus Que : . + A3V Hi(yana), (31
Q51 Q52 Q53 Q54 Q55 Q56 03
| Qoi Qo2 Qoz Qos Qos Qo) p bn=A1W1nH1(y1pa) + AWopH 1 (y2na)
(29 +A3W3nH 1 (yzna),

For the interested reader, some interesting properties qfhere a subscriph means “specialized to the host mate-
both the local and global transfer matrices are listed invjal.” The rest of the field variablesr,, o,,, andD, are
Ref. 1. calculated from Eqs(9a), (9¢), and (9d), when specialized

for the host material. Applying the continuity conditions at

the host—rod interface, namely
I1l. APPLICATIONS

A. Free multilayered rod system u, Uy
We start by deriving the dispersion relation for cases U, U,
involving free rods. A “free” rod is meant to be mechani- ¢ — ¢ atr=r.=a (32)
. . 1 ’
cally free, i.e., both normatr, and tangentialr,, stresses Or Or
must vanish at the surface, but it is still immersed in a di- Orz Orz
electric medium, namely vacuum. Theoretically, the guided DiJ, D),

modes of a free piezoelectric rod become leaky at the cutoff
frequencies where the phase velocity becomes infinitelyields the characteristic equation
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Qi1 Qiz Qs —Hi(y1pd) —Hi(y2nd) —Hi(yznd)
Q21 Qz3 Qs —VipHo(yind) —VopHo(y2nd)  —VanHo(vand)
Q31 Qszz Q35 —WinHo(yina) —WopHo(y2nd)  —WanHo(vand)

=0, (33
Q41 Q43 Q45 - Dllh -D 12h -D 13h
Qs1 Qsz Qss —Dom —Don —Doa
Qe1 Qes Qes —Damn —Dan —Dan
|
where layer. With regard to Fig. 2, this matrix layer is called layer

1, and the fiber layers are layers 2,3..As pointed out in

D1gn=(Ca17ant1KC1sVgn + ikesWan)Hol van' ) Ref. 1, the inherent periodicity and symmetry of the un-

H1(ygnh) bounded composite imply the vanishing of the lateral dis-
—(Cu=Co) — placementu,, the shear stress,,, and the lateral electric
displacemenD, at the outer radius of the fiber-matrix sys-
D2gh= (1kCss4~ CaaVgn¥gh—€18Wan¥gn)H1( vgnl), tem. These boundary conditions should be contrasted with
i those appropriate for the free and clad systems where stress-
Dagn= (ikess—€15Vanygnte1:Wanvan) Ha( vanf)- free conditions are invoked at the outer boundaries. Further-

more, we recognize that the hexagonal-cylinder approxima-
tions do not accurately account for the structural details of
The formal solutions in an unbounded fluid host can bethe composite. At low frequencies, the error caused by this
obtained directly from those of a solid host, noting that noapproximation can be essentially eliminated by adjusting the
shear deformations exist in fluids. These solutions are diameter of the matrix cladding so that the fiber volume frac-

tion is accurately represented. In this case, the distance be-

Urt=CHa( 1), tween neighboring fibers in the real hexagonal composite is

C. Multilayered rod system immersed in fluid

U= — (ik/ys) CHy( 1), (34) slightl){ less than the diameter chqsen for the clad fiber ip the
cylindrical model. For example, in the case of 25% fiber
o= (prw?l y) CHo( 1), volume fraction, the distance between neighboring fibers in

the real hexagonal composite is or#yl.905 times the fiber
diameter while the outer diameter of the clad fiber in the
s 2o o cylindrical model is exactly twice the fiber diameter. At high
Yi=wlci =k, (385  frequencies, when the acoustic wavelength becomes smaller
than the fiber diameter, some error will inevitably arise as the
Jvave velocity becomes more and more sensitive to the ma-
trix geometry, too, rather than just the relative amount of
matrix material in the composite. The shape difference be-
fween the approximate and real matrix geometry becomes

change perceivably. This effect will be further investigatedmore significant at high fiper yolume fractions, therefore it is.
in a separate paper and in the following we will assume tha?XpeCted that the approximation breaks down above approxi-

0, i I -
the normal component of the dielectric displaceni@pvan- mattlely 5?/0 r(_allnkl;(lar(;ement. Althoughtgxalct sotlrl:tltotnhs arg cur
ishes at the surface of an immersed rod. rently not available for comparison, it is clear that the above-

Satisfying the interface conditions between the fluid anc\described cylindrical model is more accurate at relatively
the rod, namelw, = U, o~ =0y, o.=0, andD. =0 at ow fiber volume fractions and at low normalized frequen-
’ r — Yrfs Op =0y, Oz Y, r

where the radial wave number in the fluig is calculated for
the isotropic fluid from

and where; is the sound velocity in the fluid. As in the case
of free rods, a similar problem arises for rods immersed in
dielectric fluid. The relatively high permittivity of polar flu-
ids like water €~80e,) could possibly affect the electrical
boundary conditions so much that the guided mode velocitie

. . . . cies.
r=r1=a, leads to the required characteristic equation In the cylindrical approximation of infinite media, Eq.
Qu Qi3 Qis —Ha(ya) (29) can be translated into the following characteristic dis-
Qa1 Quaz Qus _(wazl?’f)Ho(Vfa) persion equation:
=0. (39)
Q51 Qs3 Qss 0 Qu Qiz Qis
Qe1 Qs3 Qes 0 Qs1 Qs3 Qss| =0. 37

D. Periodic fibrous systems Qe Qes Qes P
For the case of infinitely extended medium consisting ofy, NUMERICAL RESULTS

a periodic array of unidirectional fibrous composifese

Fig. 1(c)], the symmetry of the problem allows isolating the The material properties used in the following calcula-

repeating hexagonal cell and approximating it by a concentions are listed in Table I. In addition, we can introduce

tric cylindrical layered fiber surrounded by a coaxial matrix effective coupling coefficients to quantify the strength of pi-
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TABLE |. The dimensions and material properties of illustration materials. 10
Units of C,q and e;, are 16 N/m? and Co/m, respectively.s;; is given
nondimensional as®/§, wheree5=8.854 10< 10~ *2F/m.
Material PZT 65/35 Spurr
Radius(mm) 0.707 1.0 =
p(glen?) 7.500 1.100 E
Cu 159.4 5.3 =
Cpp 73.9 3.1 =2
Cis 73.9 3.1 >
Cy 159.4 5.3 g
Cys 73.9 3.1 £
Cas 126.1 5.3
Cus 38.9 11
Css 38.9 11 1
Ces 42.8 1.1 o . . .
€33 10.7 0 0 2 4 6 8
€3 -6.13 0
s ~6.13 0 Frequency [MHz]
€15 8.39 0 . . . . ) .
€ 8.39 0 FIG. 3.' Dispersion curves fo_r the Six lowest-order axisymmetric guided
modes in a free transversely isotropic PZT 65/35 ro&ef0.707-mm ra-
e11 639.3 1 dius (solid lines—piezoelectric material, dashed lines—without piezoelec-
€2 639.3 1 tricity).
€33 1533 1

E3=Ca3—2C74(Cy1+Cyy). (39)

ezoelectric coupling in different situations. In the following, We can write Young’s modulus in terms of a characteristic
we are going to use an asterisk to indicate effective paramsoupling coefficient a&3 =E(1+ Ké), wherexkg~1.26 cal-
eters of the piezoelectric material. For example, in the planeulated for the PZT rod, indicating that it is larger than those
of isotropy of an infinite transversely isotropic material of the bulk wave, i.e.x;<x,<kg.
(radial direction, only the vertically polarized shear wave Second, there is also a significant upward shift in the
velocity, c¢X=+Cl/p=+Cu(1l+k])Ip=cy\1+«ki, is cutoff frequencies of the higher-order modes. Generally,
affected by the piezoelectric coupling while the longitudinaleéach mode is a combination of coupled quasi-shear and
velocity is not, cf=cq=vCu/p. In contrast, quasi-longitudinal waves. However, at the cutoff frequen-
normal to the plane of isotropgaxial direction, only the  cies, the phase velocity becomes infinitely high and the par-
longitudinal wave velocity,c%,=\/C%/p=/Ca3(1+ «3)/p tial waves propagate strictly in the plane of isotropy where
=cgo\/1+ &2, is affected by the piezoelectric coupling while they decouple into either pure shear or pure longitudinal
the vertically polarized shear velocity is notk,=ce, modes_. The shear-_tyr(e.g., the first-order modeutoff fre-
—/C.ilp. These coupling coefficients can be calculateddUencies can be simply calculated from
from Ki:eir/.((:44811) and k2=e2/(Csae39) as xk;~0.56 L inch 2
and k,~0.82 in the case of PZT 65/35. fr=0——"=fJ1+«i, (40)
‘ . . . 2ma

Figure 3 shows the dispersion curves for the six lowest-
order axisymmetric guided modes in a free transversely isowherej,, is thenth zero of the first-order Bessel function of
tropic PZT 65/35 rod o= 0.707-mm radius. The solid lines the first kind J;). Accordingly, these cutoff frequencies are
represent the actual piezoelectric material while the dasheapproximately 15% higher in a piezoelectric rod than in an
lines represent a similar material with identical elastic con-otherwise identical but nonpiezoelectric one. Although it is
stants and density but no piezoelectricity. The substantiahot obvious from Fig. 3, which is limited to relatively low
overall difference between the two sets of dispersion curvephase velocities, the longitudinal-type.g., the second-order
clearly indicates the very strong effect of piezoelectric cou-mode cutoff frequencies are not affected by piezoelectric
pling on the axisymmetric modes. These differences can beoupling since the longitudinal mode propagating in the
summarized as follows. First, there is a surprisingly largeplane of isotropy is not affected, i.ecj;=cy;=C11/p.
drop in the phase velocity of the lowest-order mode at lowThe longitudinal-type cutoff frequencies can be calculated
frequencies. We calculated Young’s modulus of a transfrom
versely isotropic piezoelectric rod in the axial direction from
the static limit of the field equations as f* _ ImCa1 =f (41)

m  2ma m:
Eg:0332(:%38334'4013831933_(Cllz"'clz)egs‘. 3y Where g is the mth zero of theG(&)=J1(&)/[£1o(¢)]
(C11+Crpeast2e5,; —Cy11/(Cq11—Cyy) function.
Third, the strong piezoelectric coupling also manifests

In comparison, Young’s modulus of a transversely isotropidtself through the appearance of a relatively flat “plateau”
nonpiezoelectric rod is region around 5200 m/s. All modes crossing this region ex-
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FIG. 4. Dispersion curves for the two lowest-order axisymmetric guidedFIG. 5. Dispersion curves for the six lowest-order axisymmetric guided
modes in a free transversely isotropic PZT 65/35 rochef0.707-mm ra-  Modes in a transversely isotropic piezoelectric PZT 65/35 rod of 0.707-mm
dius with varying piezoelectric coupling. The piezoelectric coupling was radius covered with a spurr coating of 1-mm outer radius.

decreased by proportionally increasing beth ande 33 by the same amount

with respect to their nominal values listed in Table I. . . . .
P taining 25% volume fraction of reinforcement. The matrix is

isotropic nonpiezoelectric spurr while the periodic reinforce-

hibit tially flat di . fairly wid ment is made from transversely isotropic piezoelectric PZT
ibit an essentially flat dispersion curve over a fairly wide gc oo 6o o of 0 707-mm radius.

frequency range and these regions form a more or less con-
tinuous nondispersive branch.

The effect of piezoelectric coupling can be further inves-V. CONCLUSION
tigated in more detail through the examples of the first two

des in th f aradually | . ) lectri A unified general treatment of elastic guided wave
modes In e case ot gradually Increasing piezoelectric co propagation in anisotropic multilayered piezoelectric rod
pling. Figure 4 shows the dispersion curves for the two

. . . . systems was presented. Dispersion relations were derived for
lowest-order axisymmetric guided modes in a free trans-

X ) . . . either free, immersed, or embedded multilayered rod sys-
versgly |sqtrop|c PZ.T 65/35 'rod af= 0.797-mm ra@us W'th tems. Individual coaxial layers were assumed to be trans-
varying piezoelectric coupling. The piezoelectric coupling

was decreased by proportionally increasin thand versely isotropic and the system global transfer matrix was
Y propo y 9 both 118833 constructed by applying suitable continuity conditions at the
by the same amount with respect to their nominal value

Tnterf . By invoki iat iti f
listed in Table I. For example, a factor of 2 increase in then erfaces. By invoking appropriate boundary conditions for

permittivities corresponds to 70.7% reduced piezoelectriénultllayered fiber systems having an additional coaxial ma-
coupling. Because of numerical difficulties, the nonpiezo-
electric case was calculated by the numerical technique de
scribed in Ref. 1. These results well illustrate how the stiff-
ening of the material caused by the gradual increase of the
piezoelectric coupling modifies the dispersion curves by
pushing them up towards higher phase velocities and to the’\g
right towards higher frequencies while the transitions be-=
tween regions of low and high dispersion become sharper. -

As an example of a multi-layered rod, Fig. 5 shows the
dispersion curves for the six lowest-order axisymmetric .
guided modes in a transversely isotropic piezoelectric PZTg
65/35 rod of 0.707-mm radius covered with a spurr coating
of 1-mm outer radius. The main difference with respect to
the previously shown case of the uncoated rod is that the
cutoff frequencies become much lower, partly because of the ¢ . T
increased radius and partly because of the lower sound ve 0 1 2
locity in the coating. In addition, at high frequencies the
guided modes drop to a much lower phase velocity than in

the uncoated rod, which is also due to the lower sound veFIG. 6. Dispersion curves for the three lowest-order axisymmetric bulk
Iocity in the coating modes in a composite containing 25% volume fraction of reinforcement.

. ) . . The matrix is isotropic nonpiezoelectric spurr while the periodic reinforce-
Figure 6 shows the dispersion curves for the thregnent is made from transversely isotropic piezoelectric PZT 65/35 fibers of

lowest-order axisymmetric bulk modes in a composite con-0.707-mm radius.
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